Abstract. A total dominator coloring of a graph G is a proper coloring of G in which each vertex of the graph is adjacent to every vertex of some color class. The total dominator chromatic number χ t d (G) of G is the minimum number of color classes in a total dominator coloring of it. In [Total dominator chromatic numer in graphs, submitted] the author initialed to study this number in graphs and obtained some important results. Here, we continue it in Mycieleskian graphs. We show that the total dominator chromatic number of the Mycieleskian of a graph G belongs to between χ t d (G) + 1 and χ t d (G) + 2, and then characterize the family of graphs the their total dominator chromatic numbers are each of them.
Introduction
All graphs considered here are finite, undirected and simple. For standard graph theory terminology not given here we refer to [3] . Let G = (V, E) be a graph with the vertex set V of order n(G) and the edge set E of size m(G). The open neighborhood of a vertex v ∈ V is N G (v) = {u ∈ V | uv ∈ E}, while its cardinality is the degree of v. The minimum and maximum degree of G are denoted by δ = δ(G) and ∆ = ∆(G), respectively. We write K n , C n and P n for a complete graph or a cycle or a path of order n, respectively, while W n denotes a wheel of order n + 1. The complement of a graph G is denoted by G and is a graph with the vertex set V (G) and for every two vertices v and w, vw ∈ E(G) if and only if vw ∈ E(G).
Let G = (V, E) be a graph with the vertex set V = {v i | 1 ≤ i ≤ n}. The Mycieleskian graph M (G) of a graph G is a graph with the vertex set V ∪ U ∪ {w} such that U = {u i | 1 ≤ i ≤ n}, and the edge set E ∪ {u i v j | v i v j ∈ E(G)} ∪ {u i w | u i ∈ U } [3] .
A total dominating set S of a graph G is a subset of the vertices in it such that each vertex has at least one neighbor in S, that is, N G (v) ∩ S = ∅, and the total domination number γ t (G) of G is the cardinality of a minimum total dominating set [1] .
A proper coloring of a graph G is a function from the vertices of the graph to a set of colors such that any two adjacent vertices have different colors, and the chromatic number χ(G) of G is the minimum number of colors needed in a proper coloring of a graph [3] . In a proper coloring of a graph a color class is the set of all same colored vertices of the graph.
In [2] , the author defined the new concept total dominator coloring in graphs as following. Here, we continue the studying of this number in Mycieleskian graphs. Exactly, we show that the total dominator chromatic number of the Mycieleskian of a graph G lies between χ t d (G)+1 and χ t d (G)+2, and then characterize the family of graphs the their total dominator chromatic numbers are each of them. First, we give some needed definitions, terminology and propositions from [2] .
If f is a total dominator coloring or a proper coloring of G with the coloring classes V 1 , V 2 , ..., V ℓ such that every vertex in V i has color i, we write simply f = (V 1 , V 2 , ..., V ℓ ). In the following two definitions f = (V 1 , V 2 , ..., V ℓ ) is a TDC of G. The following propositions are useful for our investigations.
if n = 4 and for r = 0, 1, 2, 4, n ≡ r (mod 6), 4⌊
and v i+5 has colored by at least four colors. Trivially, we may assume that some color, say a, appear at least two times. We assign colors a, b, a to vertices v i , v i+1 , v i+2 , respectively. We can assign color b to vertex v i+3 or not. In each case, we need to at least two new colors c and d for coloring the remained vertices. Because, in the first case, we have to assign two new colors c and d to vertices v i+4 and v i+5 , respectively, and in the second case, we must assign colors c, d, c to vertices v i+3 , v i+4 , v i+5 , respectively. Therefore, our claim is proved, and we notice that any six consecutive vertices can be colored by four new colors a, b, c, d in We also notice that in way 1:
. We continue our proof in the following six cases.
Case 0: n ≡ 0 (mod 6). In this case, if f 0 is a proper coloring which is obtained by each of ways 1 or 2 or by combining of them, then f 0 will be a TDC of C n with the minimum number 4⌊ n 6 ⌋ color classes, as desired. Case 1: n ≡ 1 (mod 6). In this case, let f 0 be the TDC of C n − {v n } mentioned in Case 0. Since we need to one new color for coloring v n , by assigning a new color ε to v n we obtain a TDC of C n with the minimum number 4⌊ n 6 ⌋ + 1 color classes, as desired. Case 2: n ≡ 2 (mod 6). In this case, let f 0 be the TDC of C n − {v n−1
Case 5: n ≡ 5 (mod 6). In this case, let f 0 be the TDC of C n −{v n−4 , v n−3 , v n−2 , v n−1 , v n } mentioned in Case 0. Since we need to four new colors for coloring v n−4 , v n−3 , v n−2 , v n−1 , v n , by assigning new colors π, ς, π, θ, ε to the vertices v n−4 , v n−3 , v n−2 , v n−1 and v n , respectively, we obtain a TDC of C n with the minimum number 4⌊ n 6 ⌋ + 4 color classes, as desired. Proposition 1.6. Let P n be a path of order n ≥ 2. Then
Proposition 1.7. Let C n be the complement of the cycle C n of order n ≥ 4. Then
Proposition 1.8. Let P n be the complement of the path P n of order n ≥ 4. Then
Main results
The following theorem shows that the total dominator chromatic number of the Mycieleskian of a graph G lies between χ Next results will characterize graphs G satisfying χ 
By the previous discussion in the proof of Theorem 2.1, we may assume that f = (
Since w ∈ V 1 and there is no edge between w and V (G), we conclude that v ≻ V 1 for any v ∈ V (G). Therefore the restriction of f on V (G) gives a
Hence pn G (V 1 − {w} − U ; g) = ∅ and G belongs to Class 1.
As an immediate consequence, we have the following.
Theorem 2.4. A graph G with δ(G) ≥ 1 belongs to Class 2 if and only if
χ t d (M (G)) = χ t d (G) + 2.
Characterizing some graphs in Classes 1 and 2
Obviously, any complete graph of order at least 3 belongs to Class 1, and any complete p-partite graph belongs to Class 2 if and only if p = 2. In the next propositions, we show which of wheels, cycles and paths belong to Class 1 and which belong to Class 2. Proposition 3.1. Let n ≥ 3 be an integer. Every wheel W n of order n + 1 belong to in Class 1. Hence
Proof. Let V (W n ) = {1, 2, ..., n + 1}, for n ≥ 3, and let vertex 1 be of degree n.
by Proposition 1.4 and Theorem 2.1.
Proposition 3.2. Let C n be a cycle of order n ≥ 3. Then C n ∈ Class 1 if and only if n = 4, 5 and n ≡ 4 (mod 6).
Proof. Let V (C n ) = {v i | 1 ≤ i ≤ n}, and let v i v j ∈ E(C n ) if and only if |i − j| = 1 (to modulo n). First C 5 ∈ Class 1 since f = ({v 1 , v 3 }, {v 2 }, {v 4 }, {v 5 }) is a χ t d -coloring of C 5 and pn({v 2 }; f ) = ∅. Also C 4 ∈ Class 1 since C 4 is the complete bipartite graph K 2,2 . Now let n = 6ℓ + 4 for some ℓ ≥ 1. Consider the coloring function f on V (C n ) such that 
-coloring, where t = 4(ℓ + 1). Then pn(V n−3 ; f ) = ∅ and so C n ∈ Class 1. Because V n−3 = {v n−3 }, V n−2 = {v n−2 }, V n−4 = {v n−4 } and N (v n−3 ) = {v n−4 , v n−2 }, in which v n−4 ≻ V n−5 and v n−2 ≻ V n−1 . In the remained cases we prove C n ∈ Class 2. Let n ≡ 2 or 5 (mod 6) and n = 5. Let also f = (V 1 , ..., V k ) be an arbitrary χ t d (C n )-coloring. As we saw in the proof of Proposition 1.5, we know that every six consecutive vertices must be colored by one of the ways 1 or 2 or by a combining of them. Also we saw that pn(
, we obtain pn(V i ; f ) = ∅ for all i. Hence C n ∈ Class 2. The proof of other cases is similar and we left it to the reader. Therefore we have proved C n ∈ Class 1 if and only if n = 4 and n ≡ 4 (mod 6). Proposition 3.3. Let P n be a path of order n ≥ 2. Then P n ∈ Class 2 if and only if n = 2 or n ≡ 0 (mod 3).
Proof. Let V (P n ) = {v i | 1 ≤ i ≤ n} and for 1 ≤ i < j ≤ n, v i v j ∈ E(C n ) if and only if j = i + 1. Obviously P 2 ∈ Class 2. Now let n = 3ℓ + 2 for some ℓ ≥ 1. Consider a coloring function f defined on V (P n ) such that f (v i ) = 1 + 2k if i = 1 + 3k or i = 3 + 3k, 2 + 2k if i = 2 + 3k, when 0 ≤ k ≤ ℓ − 2, and f (v n−4 ) = f (v n ) = 2ℓ − 1, f (v n−3 ) = 2ℓ, f (v n−2 ) = 2ℓ + 1, f (v n−1 ) = 2ℓ + 2. Since f = (V 1 , ..., V 2ℓ+2 ) is a χ t d -coloring of P n and pn(V 2ℓ−1 ; f ) = ∅, we conclude P n ∈ Class 1. Now let n = 3ℓ + 1 for some ℓ ≥ 1. Consider a coloring function f defined on V (P n ) such that f (v i ) = 1 + 2k if i = 1 + 3k or i = 3 + 3k, 2 + 2k if i = 2 + 3k, when 0 ≤ k ≤ ℓ − 2, and f (v n−3 ) = f (v n ) = 2ℓ − 1, f (v n−2 ) = 2ℓ, f (v n−1 ) = 2ℓ + 1. Since f = (V 1 , ..., V 2ℓ+1 ) is a χ t d -coloring of P n and pn(V 2ℓ−1 ; f ) = ∅, we conclude P n ∈ Class 1. Finally, let n = 3ℓ for some ℓ ≥ 1. In this case, P n has the only χ Proposition 3.4. Let C n be the complement of the cycle C n of order n ≥ 4. Then C n ∈ Class 2 if and only if n = 4, 5, 6.
